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1. Introduction 


In this paper, we determine the low-energy limit of the hve-point closed-string amplitndes 
among massless type IIA and type IIB states nsing the pnre spinor (PS) formalism [1,2]. 
The precise elaboration of overall coefficients conhrms the predictions [3,4] based on the 
non-pertnrbative S-dnality of the type IIB effective action [5]. This complements previons 
S-dnality analyses of the hve-point amplitndes at one-loop [6] as well as the fonr-point 
amplitndes at two- [7,8] and three-loops [9]. 

S-dnality constrains cnrvatnre conplings of the schematic form (and their 

snpersymmetric completions) to depend on the scalar helds throngh modnlar invariant 
fnnctions and thereby relates different loop orders in pertnrbation theory. The snbseqnent 
two-loop analysis probes the modnli-dependent coefficient of the and D^R^ interac¬ 

tions which was identihed as the non-holomorphic Eisenstein series i? 5/2 in ten dimensions 
[3,4]. Its pertnrbative terms relate the tree-level and two-loop contribntions of the corre¬ 
sponding graviton amplitndes and their R-symmetry conserving snperpartners. 

Likewise, R-symmetry violating closed-string amplitndes at different loop-orders (in¬ 
volving, for instance, fonr gravitons and one dilaton) are interlocked by modnlar forms [10]. 
Given that R-symmetry violating fonr-point amplitndes vanish, the hve-point amplitndes 
in this work fnrnish the simplest pertnrbative hngerprints of their modnlar properties. 
Specihcally, the tree-level and two-loop resnlts at the ct'-order nnder discnssion are ex¬ 
pected to orginate from a certain modnlar derivative of i? 5 / 2 - 

We verify the expected ratios by explicit compntation at the hve-point level, i.e. by 
extracting the type IIB components involving hve gravitons as well as fonr gravitons and 
one dilaton from the snpersymmetric two-loop low-energy limit. This is the hrst pertnrba¬ 
tive check at genns two for the S-dnality properties of the hve-point interaction D^R^ and 
its R-symmetry violating connterparts. 

Since the main objective of this work reqnires precise control over normalizations, 
section 2 contains a detailed acconnt on the conventions nsed (closely following [8,9]). In 
sections 3 and 4, well-known amplitndes at tree-level and one-loop are recompnted nsing 
the conventions of section 2 - not only to review their end resnlt bnt also to verify the 
reliability of the PS setnp in keeping track of their overall normalizations. The novel resnlt 
on the two-loop hve-point amplitnde is derived in section 5. Finally, section 6 is devoted 
to the S-dnality analysis of the above resnlts and is snitable for self-contained reading. 
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2. Review of conventions 

In this section the conventions nsed in the rest of the paper are presented. They closely 
follow the conventions nsed in [8,9] bnt deviations were taken when deemed appropriate. 


2.1. World-sheet fields 

The world-sheet action for the left-moving sector in the non-minimal pnre spinor formalism 
is [2] 


5 = 


- / d'^z [dx^dxm + a'pad9°‘ — — a'w^^dXa + a' s^'dra) , ( 2 . 1 ) 


Stto 

where m = 0,1..., 9 and a = 1,..., 16 are the vector and spinorial indices of the ten¬ 
dimensional Lorentz gronp, and a' denotes the inverse string tension. In addition, A“ and 
Aa are bosonic pnre spinors and Tq, is a constrained fermionic variable. 


(A7"^A) = 0, (A7""A) = 0, (A7""r) = 0. 


( 2 . 2 ) 


The Green-Schwarz constraint da{z) and the snpersymmetric momentnm IW{z) are de¬ 
fined by 

da(^) = Pa - n-(z) = dx^ + he-^^de ), (2.3) 

a' da' 2 

while the BRST charge and the energy-momentnm tensor, 

Q = ^{X'^dct+w'^ra)^ T{z) — —-^dx'^dxm—PadO°'X-WaOX^"-\-w°'dXa — s^dra , (2.4) 
are related by {Q^h{z)} = T(z), with the following expression for the 6-ghost [2] 

6 = s^dK + [2n"^(A7^d) - - Jy,{Xde) - {XdH)] (2.5) 

4( AA j 


+ 




a 


„ i^d^rnnpdX) -|- 24A^j^^Ily 


192(AA)2 12 
2.2. Scalar Green function and OPEs 


a' inrnnpr) 

2 16(AA)3 L 


{X-f^d)N^P 


(X-fP^^r)N^^N, 


qr 


8(AA) 


The regnlarized scalar Green fnnction G{z, w) is written in terms of the prime form E{z, w) 
and the global holomorphic one-forms 0 Ji{z) as [11] 


G{z, w) = —In E{z, w) a'n (Im / wj) (ImO)^J (Im / wj), (2.6) 


/,j=i 
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and satisfies 


— Ozd^Giz^w) ——2 tiS^^\z — w) + TT u}i(z)(lmfl) rlcojiz) (2.7) 

a 

7,J=1 

2 - ® 

—dzdj;:GG{z^w)=2'KbG^{z — w) — T: a;/(z)(ImO). Ja;j(W), 


where O/j is the genus-^r period matrix to be dehned in section 2.5. Fnrthermore, 

2 d 

r]{zi, Zj) = rjij = - j — G{zi, zj). ( 2 . 8 ) 

a' ozi 

The gemis-g OPEs are [12,13] 

x^{z,z)xn{w,w) ~ dl^G{z,w), Pc,{z)9^{w) ~ s^r]{z,w), 

dUz)dB{w) ~ -^7^.n^r7(z,w;), d^{z)fixiw),eiw))r~.DMz:W), 
a' ^ / 

O' 

dc,{z)n^{w) ^-f^i 3 de^ri{z,w), U^{z)f{x{w),e{w)) ~ - — k^fr]{z,w), 

(2.9) 

where + \{pi'^9)akm is the snpersymmetric derivative and f{x,9) represents a 

generic snperheld. 

It follows from (2.9) and (2.3) that 

/ 9 

Ii^{z)li!^{w) ^rf^'^\2Ti5^‘^\z — w) — Ti ^ a;j(z)(Imfl)7ja;j(lZJ)j. (2-10) 

/,j=i 

Left- and right-movers can be kept separated in the evalnation of the amplitnde by ex¬ 
panding W^{z) = 11"^ (^) + ELi nr 0 Ji{z) and compnting the holomorphic sqnare with 


nrn" = -^,’""7r(imn)7j. 


( 2 , 11 ) 


Using this prescription, contribntions containing a single Iir or 11^ vanish. 

2.3. SYM superfields and massless vertex operators 

The closed-string massless vertex operators are related to the holomorphic sqnare of the 
open string vertex operators 

U = X^A^ix, 9), U = d9^A^ix, 9) + U^Ar^ix, 9) + ^d^W^{x, 9) + 9 ), 

( 2 . 12 ) 
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where Aa{x, 9), A'^{x, 9), W‘^{x, 9) and F'^^{x, 9) are the super-Yang-Mills (SYM) super- 
helds in ten dimensions. Their eqnations of motion [14] 

DaAjS + DpAct — 'y^i^Am: DctAm = + km.Aa 

D^Fmn = (2.13) 

are solved by the ^-expansions in [15] involving glnon polarization vectors and gangino 
wave fnnctions. More precisely, the closed-string vertex operators are given by 

\V{z)\^ = V{9)®V(9)e’^-^, \U{z)f = U{9)(^U(9)e'^-^, (2.14) 

where V{9) and U{9) are dehned from (2.12) by stripping off the plane-wave factor, e.g. 
U{z) — U{9)e^'^. Fnrthermore, each massless vertex is normalized with a coefficient k (see 
e.g. [7]) so the n-point amplitnde prescription contains an overall factor of k'^. As shown 
in appendix A, nnitarity relates it to the other string parameters (snch as the conpling 
constant e“^^) via = n j. 


2.4- Integration on pure spinor space 


The zero-mode measnres for the non-minimal pnre spinor variables in a genns-^r snrface 
have length dimension zero and are given by [8] 


[dX] Tai...a5 = Ca 

[dA] = cxe“i-"i®dAag... dA^,, 

[d9] = eg d^^9 

The normalizations are [8] 


[dw] 


T 

ai. 

ai.. 

..ast 

•“l^dlCae ■ 


[dw] 

T 

0L\. .. 

as ~ 

^UJ ^OL \ . 

..cci^duF^. 


[ds^] 

1 Cs 

T 

a\. 

ai.. 

..OL^^ 

.OLXQ^S^ 

<A16 


[dd^] = Cd d^®d^. 

(2.15) 


Ca = 
Ca = 

Cr = 

eg = 


a'\-2 1 / Ag 

a ) TTIvi^J 

a'\2 2^ / Ag Ai/2 

a) n!V4^J 
a'\“2/27rY^/^ 
a) 11!5! \'A~g) 
ct'At 27r 
a) \^g) 


Onr — 


7-2 


V-ll/s 

11!5! ® 

ll!(27r)ii ^ 


" \2J 2611!5!(AA)3 ^ 

c,= (7)d2^)«/^Zf/», 


( 2 . 16 ) 
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where Ag = f (Pzy/h denotes the area of the genus-^r Riemann surface with metric h, 

1 




a/ det (2 ImO) ’ 


^ > 1 , 


(2.17) 


and R is an arbitrary parameter capturing the freedom to normalize the string tree-level 
amplitudes^. As discussed in [ 8 ], the hnal expressions for multiloop amplitudes are inde¬ 
pendent of the area Ag. The tensors and appearing in (2.15) are totally 

antisymmetric due to the pure spinor constraint ( 2 . 2 ), 


T, 

T 


0'i0'20'3C^4C^5 
■aiO'20'sa4a5 


= (A7"')ai(A7")a2(A7^)a3(7mnp)a4a5 ^ 

= (A7"^)“^ ( A7-)“^ ( V)^^ (7mnp)“^“® 


(2.18) 


and satisfy T ■ T = 51 2®(AA)^. 

One can show using the results of [16] that the integration over an arbitrary number 
of pure spinors A“ and A/? is given by 


[dA][dA]e-(^^)(AA)"^A“i ■ • ■ A^-A^^i ■ ■ ■ A^„ = 




27r7 302400 ’ 


(2.19) 


where are the 7 -matrix traceless tensors discussed in [9]. From Tal'.'.'.al = 1 it 

follows that [ 8 ] 

,-(AX) ^ + (2,20) 


l<*A]MA](AA)"e- 

For an arbitrary superheld M(A, A, 6 *,r) we dehne [ 8 ] 

_ r _ -{XX)-{r0) _ 

(M(A,A,^,r))(p,,) ^ y [d9][dr][dX][dX] M(A,A,^,r), ( 2 . 21 ) 

and therefore the pure spinor measure {X'y'^9){X'y^9){X'y^9){9'yrst9) = {X^9^) is mapped to 
((A=»Y>(p,s) = iV(,.„((A=e=)>. ^ . ( 2 ’ 22 ) 

and the identity factor = 1 keeps track of the normalization convention [ 1 ] 


{{XY9)iXY9){X^^9){9^rst9)) = P. (2.23) 

^ In previous works [8,9] the choice R = \/2/(2^®7r) was made to match the tree-level con¬ 
ventions of [7]. In this work we deviate from that motivation and the choice (2.24) will lead to 
tree-level amplitudes (3.4) with unit overall coefficient. 
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The choice P = 2880 is convenient in view of the factorization properties of pnre spinor sn- 
perspace kinematic factors and has been observed in [17] to imply tree-level normalizations 
compatible with RNS compntations. Unless otherwise noted we nse, 

= ^, P = 2880. (2.24) 

2.4-1- Abbreviations and (anti-)symmetrization combinatorics 

The (anti)symmetrization over n indices inclndes a factor of 1/n!, the generalized Kronecker 
delta is satishes — in) where d = 10 {d = 16) for 

vector (spinor) indices. The integration over 9 is given by J d}^6 = gai...ai6 

01171...75 = 11151 AT'-'T 

Partitions of do, zero-modes are denoted by (pi,p 2 , ■ ■ • ,Pc/)d, signaling the presence 
of Pi factors of for / = 1,2,..., 5 f. Accordingly, contribntions from the 6-ghost will be 
labeled by their partition of da zero-modes as ^ where the vector indices take 

into acco un t that those contribntions need not be Lorentz scalars. Fnrthermore, we dehne 


(e ■ r ■ d') = . ■ .4,,, (Xrd'd-’) = (A 7 ’"" 7 )(<jV„ 4 ‘') ( 2 - 25 ) 

’ (€ ■ T ■ d') 


7-) 7711 777,2... 771 r> 

^(ll+pi,ll+P2,...,ll+P9) 


= f f[[dd 
1=1 


mi.. .m^ 


11! 5! (pi-P2,---,p9) 


(2.26) 


2.4-2. Frequent zero-mode integrals 

Some integrals which are freqnently nsed in the next sections are snmmarized here. 


J [dd^](e • T ■ d^) di^diji^diji^ 
I [dd^](e ■ T ■ d^) diXAsid'^^^^d^) 


ll!5!cdT, 


q;iQ: 2 Q: 3 Q; 4 Q ;5 


(2.27) 


ll!5!96crf(A7["^)ii,(A7-)ii,(A7Pl)o3, 

/a'p9 1 I ® (e . T ■ d^ 2 

VY; (27r)i6<?223Z22 I n (1115!) 


To prove the third integral one nses [16,8] 


n ^ 




1=1 


[dw^] [dw^] e 


'jjjll „-{w^wA 


1=1 


/a\2g(27r) 3 (e.T-d^) 

IyJ R5265(AA)3s (11! 5!) ’ 

P^^-22 

(27r)iU 9 ■ 


(2.28) 



2.5. Riemann surfaces and moduli space 

A holomorphic field with conformal weight one in a genns-^r Riemann snrface E can be 
expanded in a basis of holomorphic one-forms as = (^(z) -|- i are 

the zero-modes of (f>{z). If {aj,6j} are the generators of the i7i(Eg,Z) = homology 
gronp, the holomorphic one-forms can be chosen snch that for /, J = 1, 2,..., 


' ai 


u}j{z)dz = Sij, J u}j{z)dz — flij, J d^zcoi coj = 21m flu , (2.29) 


where fljj is the symmetric period matrix with g{g -|-1)/2 complex degrees of freedom and 
d‘^z — idz A dz — 2 dR,e{z)dlm[z) [11]. We also dehne 


/ = I^ij =e^'^uji{zi)ujj{ 


Zj) = Ui{Zi)u2{Zj) - Ui{Zj)u2{Zi) . (2.30) 


The modnli space Aig is dehned as the space of ineqnivalent complex strnctnres ti on the 
Riemann snrface of genns g and has complex dimension 3g — 3, for g > 1. For genns two 
and three, the dimension of the modnli space is the same as the dimension of the period 
matrices {3g — 3 = g{g -T l)/2 for = 2, 3) and the amplitndes can be parameterized by 
the period matrix instead of the modnli coordinates; more explicitly for genns two [11], 


j d^yui{y)uj{y)gi{y) 


Sflij 

5Ti 



e 




hOii hOi2 5fl22 
dTi2 


2 



(2.31) 


where d^r = = !!/<J df^iJ c^nd Ag denotes the fnndamental domain of 

Sp{2g, Z)/Z 2 . To avoid clattering, the domains Aig and Ag will be henceforth omitted. 
The Sp{2g, Z)-invariant measnre for the genns-^r modnli space and its volnme are [18]^ 


d^fi r ^ / 2^ \ 

= (detim0)3+1’ J dgg = 2 r(/c)C 2 fc j • (2.32) 

In particnlar, 

/■ , 27r /■ , /• , 2 ^ 7 t ^ 

J dgi = —, J dg2 = ^, J dgs = . (2.33) 


^ The definition of d^fl here is 23^3+1^2 bigger than in the original formula of [18]. 
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2.6. The amplitude prescription 

The multiloop n-point closed-string amplitude prescription was given in [2] 




/ d\ / \{{Af^^\b,ij)V\0)U\z2)---U^{zn))) 

J 


J = 1 


(2.34) 


17>2 . 


The symmetry factors for the one- and two-loop amplitudes are Si = 1/2 [19,20] and 
S 2 = 1/2 [21], Furthermore, Sg = 1 for^ <7 > 2. The 6-ghost insertion is 

ib:hj) = ^ J d^ybiy)Tjiy): / = (2.35) 

where Hj denotes the Beltrami differential for the modulus parameter tj, and is the 
BRST regulator [2] 

9 

= exp ^ — (AA) — {r9) + ^ [{w^W^) + (s^d^)]^ . (2.36) 

/=! 


The bracket ((...)) in (2.34) denotes the path integral which integrates out the non-zero 
modes through OPEs and additionally contains the zero-mode integration measure 

r - ® 

(...)= / [d6] [dr] [dA] [dA] [dd’^j [ds’^j [duJ^] [dw^]... (2.37) 

1=1 


After the integration over [dd^j [ds^j [dw^] [dw^] has been performed, the remaining variables 
A“, A^, 9^ and r^ have conformal weight zero and therefore are the same ones which need 
to be integrated in the prescription of the tree-level amplitudes. Using the Theorem 1 
from [9] all correlators at this stage of the computation reduce to pure spinor superspace 
expressions whose component expansions can be straightforwardly computed^ [23,24] from 
the d-expansions in [15]. In particular, the last correlator to evaluate is a combination of 
the zero-mode integration of tree-level pure spinor variables (2.22) and [8] 


^^{P,9) 






) = (£b^)A<»). (2,38) 


^ We thank Edward Witten for emphasizing this point to us. 

^ Note that variables are converted to Da derivatives using rae~^^^^ = Dae~^^^^ [22]. 
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where kf^) and Xn^ is the n-particle Koba-Nielsen factor 

n 

= exp ^ SijGij ^, Sij = ki ■ kj . (2.39) 

i<j 

Some products which appear in later sections are 

= 4“’ (2.40) 

i=i 

^ / _i 1 

i=i 

i=l 

Given the above conventions in (2.47), the length dimension [...] of the closed-string n- 
point amplitude is independent of the genus; [Mn'^] = n(2 -|- [«)]). Since [k] = —2 (see 
appendix A) the amplitudes are dimensionless. Furthermore, in most of the calculations 
below overall minus signs will not be rigorously tracked. 

For four-point amplitudes it is convenient to use the following shorthand notation for 
symmetric polynomials in Mandelstam invariants (2.39) 



2. 7. Multiparticle fields 


The hve-point amplitudes at genus = 1,2 discussed in this work reconcile zero-mode 
saturation with one OPE among the vertex operators of both left- and right-movers. The 
systematics of OPEs has been studied using multiparticle helds in [25], starting with: 


Vl{zi)U2{z2) 

Ul{zi)U2{z2) 


1^12 I “2 


(y)[^12 + Q{- ■ ■)] 


(k) + 

+ di,2i-■ ■) ■ 


(2.42) 

/(y^\ fy^ 

[-l^)dc.W^2 + jA'mnXiT] 

(2.43) 


The suppressed BRST-exact terms in (2.42) and worldsheet derivatives in (2.43) drop out 
from the subsequent computations. The two-particle superhelds of interest in this work are 

21?2 = -i • A^) + - (1 « 2)] 

»T2 = . A') - (1 « 2) (2.44) 

F^n ^ ^ “ (1 kk 2) 
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with a similar definition for and 

Vi2 = ^ ^ ^^^y^y^ (2.45) 

Generalizations to p > 3 particles, in particnlar the Vi 2 ...p mentioned in the context of 
tree amplitndes, can be fonnd in [25]. In a notation where A, B, C,... denote mnltiparticle 
labels snch as A = 12 .. .p, the simplest class of one-loop kinematic factors are given by 

Ta,b,c = ^ [{X'ymWA){X'ynWB)F^^ + {C ^ A, B)] . (2.46) 

They were firstly stndied in the context of mnltiparticle open-string amplitndes at one-loop 
[26] and identified as box-nnmerators in one-loop amplitndes of ten-dimensional SYM [27]. 

2.8. Length dimensions 

For convenience, the length dimensions of varions fields and constants nsed thronghont 
this work are snmmarized here, 

[a']=2, [a:"^] = l, [k^] ^-1, M =-2, [G{z,w)]=2,[r],j] = 0 (2.47) 

a:Wc,Xa,rc] = [Q] = [6] = [T] = 0, 

= 1 - p, [W^2...p] = ^~P^ [F^n"^] = -P: 

[V(z)] = [Uiz)]^G [A^^(l,2,...,n)]=n-4, [h'°(fc)] = 10, = 0 . 

3. Tree-level closed-string amplitudes 

In this section the tree-level amplitndes involving n = 3,4,5 closed-string states are re¬ 
viewed and recompnted nsing the normalization conventions of section 2. This ensnres 
that the S-dnality discnssion of section 6 nses amplitndes compnted with a nniform set of 
conventions (which differ from [8,9]). For earlier references, see [28,29,30,31]. 

3.1. The amplitude prescription 

The prescription to compnte the n-point tree-level amplitnde in the PS formalism is [2], 

„ n—2 

mW (0)772(^2)... G^-2(^n-2)K-i(l)K(oo)))|2, (3.1) 

•' i=2 


r,A“,ui“.s»l = i Ip 
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where = ^-{\\)-re jg zero-mode regulator at genus zero. As explained below 

(2.36), ((...)) denotes the path integral which reduces to the integration over the zero- 
modes of tree-level variables after the non-zero modes are integrated out through OPEs. 
The pure spinor computation of the n-point tree-level correlator can be found in [32], 


, Zn- 2 )) 


{{V^{Z^)U2{Z2) ■ ■ • 17^_2(^n-2)K-l(^n-l)K(^n))) 


(3.2) 


3 (V 12 ...P 14-l,n-2,...,p+ll4) 

X 2 / p—l (^12^23 ■ ■ ■ l,p) (^n—l,n—2 ■ ■ ■ ^p-|- 2 ,p-|-l) 


+ P( 2 ,...,n- 2 ), 


where V{2 ,..., n — 2) instructs to sum over all permutations of 2,..., n — 2. The Mobius 
symmetry of the genus-zero worldsheet has been hxed by setting {^i, z^-i, z^} = {0,1, cxd}. 
The correlator (3.2) was later identihed as a superposition of SYM tree amplitudes [32] 
(see [33] for their pure spinor superspace representation). 





f 'Sl,n- 2 A 

\^12 ^ l , n -2 / 


X X1™(1, 2 ,..., n - 1 , n) + V(2, ..., n - 2) . 


(3,3) 


The multiparticle superhelds V 12 and Vi 2 ...p in (3.2) are dehned in (2.45) and [25], respec¬ 
tively. Therefore, the prescription (3.1) yields, 

/ n — 2 n 

i=2 j=l 

/ _ 2 rt Ti 2 

i=2 

where we used (2.22) and (2.40). Note that the Koba-Nielsen factor (2.39) simplihes to 
Xn'' = nr<j at genus zero. 


3.2. The three-point amplitude 

Using the formula (3.4) and taking = 1 into account, the three-point amplitude can 
be written down immediately 

Mf = (27r)i°hi°(fc)(y)“Ve-2^A:f , (3.5) 

where k!'^^ = \ {ViV 2 V^)\^ = |A^^(l,2,3)p and (note [/Cg^^] = —2) 

(U 1 U 2 U 3 ) = (e^ • e^){k‘^ ■ e^) + el^{x 2 l'^X^) + cyc(l, 2, 3). (3.6) 

The component expressions are derived from the ^-expansions of [15] and involve transverse 
polarization vectors e* of the gluon as well as chiral spinor wave functions Xi of fho gluino. 
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3.3. The four-point amplitude 

Similarly, using the formula (3.4) the four-point amplitude becomes 


'n -1 


where the correlator is [32] (see also [34]) 




d^Z2\{lC^^\z2))\^Xf^ , 


(/CW(Z2)) = {mz,)U2{z2)V^{z:,)V,{z,))) = (- 


a'\\ {Vi 2 VzVf) ^ (V1V32V4) 


^12 


^32 


(3.7) 


(3.8) 


(^)^71^M(i^2,3,4), 
V 2 / Z 12 


and we used the following representation for the color-ordered tree-level SYM amplitude, 

lYM,'i o o /l^ _ ^ nr T/ T/ \ I /T/ T/ T/ \ I'g 


A^^^'(l,2,3,4) = —(Y 12 I/ 3 Y 4 ) + —iyiV2^V^) . 
S 12 S 23 


Furthermore, using the explicit form = |^ 2 | 
factor at {zi, Z3, Z4} = {0,1, cxd}, the integral in (3.7) boils down to [7] 


1 — ^ 2 ! “ of the Koba-Nielsen 


j 2 -^si 2 -l_-^si 2 -l 

a 2 : 2^2 ^2 


(1 - 22)“'^^"®(1 - Z2)~'^^^^ = 27rs 


23 


a 


ISa 


with 
Bo = 


r(-^si2)r(-fsi3)r(-^su) 


r(i + %'Si2)r(i + ^si3)r(i -i- ^814) CT3 
Hence, the four-point amplitude (3.7) is given by 

'\3 


— ~ + 2 C 3 + C5cr2 + 3*^3^^ + 


Aff> = ( 2 ^)«A“(fc)(^) 2 ^Kfeo , 


(3.10) 


(3.11) 


(3.12) 


where (note [/C^^^] = — 8 ) 

/cf = |si2S237l^^(l,2,3,4)|2 = |s23(Vi2Y3Y4) + S12(YiY23V^4)|^ 

3.3.x The low-energy limit 

From Ho = ( 2 /a')V(«i 2 Si 3 Si 4 ) + ■ ■ ■ and ^^^(1, 2, 3, 4) = (Y 12 Y 3 Y 4 )/si 2 + (Hil/23l4)/s23 
the kinematic factor in the amplitude (3.12) becomes 

\si 2 S 23 A^^{l, 2 , 3 , 4 )\^ \{Vi2V^Va)? , \{VziV2Va)? , \{V2 zViVa)? 

2 ) ^ S12S13S14 S12 Si 3 S23 

(3.14) 

where we used (V 12 V 3 Y 4 ) -|- (V 23 V 1 V 4 ) -|- (V 3 iV 2 b 4 ) = 0 [35]. Therefore the low-energy limit 
of (3.12) is given by 


(3.13) 


mP = (27r)^^d^^(k)n^e-'^^27r 


10^10^.^,.4^-2A , 


|(Vi2Y3Y4)P , |(V3iY 2Y4)P , |(V23VlV4)| 


S 12 


+ 


Sl3 


+ 


-S 23 


+ 0(a 


/3n 


(3.15) 
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3.4- The five-point amplitude 


According to the formula (3.4), the hve-point amplitude is given by 








(3.16) 


i =2 


where 


{1C<“>(32,23)) = ({VlU2(Zi)U3(Z3)ViVs)) 


(3.17) 


a 


'\2 r 


(V123V4V5) , (Vi 2 l 43 ^ 5 ) , (V1V432V5) 


^12^23 


+ 


^12^43 


+ 


^43^32 


+ (2 3) 


= — 


« f si2S34^ym^^^ 2, 3,4, 5) + (2 3) 


2 / 


^ 12^34 


After inserting (3.17) into (3.16), the a'-expansion of the resulting integrals can be obtained 
through the KLT procedure [29] and arranged in the form [36] 


^ = (27r)^V°(ifc) 


a 




(2x)"Kf 


(3.18) 


/c 


( 0 ) _ 


= ^54‘‘5'o- [1 + 2 C 3 Afs + 2(^5 j M 5 + 2(^3 j M 3 + 0{oL )] ■A 45 ,(3.19) 


where and A 45 are two-component vectors of SYM tree-amplitudes 

^ 2,3,5, 4)\ ^ /AYM(i,2,3,4,5)\ 

A 54 - l^iYMj^^3^2,5,4) J ’ “ VA^^(1,3,2,4,5) J 


(3.20) 


and Sq denotes the moment um kernel [37], a convenient basis choice for the Mandelstam 
invariants in the KLT relations [29] 


Sn = 


_ f Si2(si3 -HS 23 ) 


-Sl2'Sl3 


'S 12 -S 13 

-Sl3('Sl2 + -S 23 ) 


(3.21) 


The 2 X 2 matrices M 2 n-i-i introduced in [36] describe the momentum dependence of the 
Qf'-corrections and should not be confused with the amplitudes Mn^. Their entries are 
degree 2n -|- 1 polynomials in Mandelstam invariants, e.g. (see also [30,38]) 


mi 2 = -Si 3 S 24 (si -H S2 + S3 -H S 4 + S5) (3.22) 

mil = S3[-'Sl(si + 2 s 2 + S3) -t- S3S4 + S4] -H SiS5(si -F S5) 

with 77121 = '?^12|o q 77722 = L o aS Well aS Si = Sii^i subject to S5 = S15. 

Higher-order analogues such as M 5 relevant for the comparison with the two-loop hve- 
point amplitude are available for download at the website [39]. The overall coefRcient of 
the hve-point amplitude (3.18) will be verihed by factorization at the lowest order in a' in 
the appendix A. 


/ 77711 mi2'\ 

\m2l 77722 / ’ 
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4. One-loop closed-string amplitudes 

In this section the overall coefficients of the fonr- and five-point one-loop amplitndes are 
compnted nsing the conventions of section 2, ensnring that the S-dnality analysis of sec¬ 
tion 6 is nnafiected by different conventions in the literatnre. Althongh the coefficient of the 
five-point amplitnde can be derived from factorization (see appendix A), its compntation 
from first principles as done in section 4.3 is novel and validates the general method devel¬ 
oped in [8]. For earlier references, see [40] for the original fonr-point derivation, [20,41,7,8] 
for discnssions on its overall coefficient and [42,43,44,45,4,46,26] for related extensions. 


4 . 1 . The amplitude prescription 

According to (2.34), the n-point closed-string one-loop prescription is 






'S„-l 


where is the genns-one instance of the zero-mode regnlator (2.36) and the 6-ghost 
insertion (2.35) reads 

(b.h) = d^yb{y)ti{y): (4.2) 

where // is the Beltrami differential for the modnlns parameter r. In terms of the genns-one 
period matrix 12, eqnation (2.31) implies 


drr 


d^yuji{y)uji{y)p.{y) 


= d^n. 


(4.3) 


At genns one, there are (16)d zero-modes of d^ and (ll)s zero-modes of Since there are 
no s" variables in the vertex operators, and the term s^dX^ from the 6-ghost (2.5) does 
not contribnte in absence of sonrces for IZJ“, the zero-modes of are entirely satnrated 
by the regnlator throngh the factor —)■ (s^d^)^^. The remaining (5)d zero-modes mnst 

come from the 6-ghost and the external vertices. 

There are two canonical 6-ghost contribntions to satnrate the fermionic zero-modes 
of da, with either one or two zero-modes. Expanding Ilm{y) = -|- rim(d) and 

da{y) = daUJi{y) + da{y) where uji{z)dz — dz is the genns-one holomorphic one-form, one 
can show that amplitndes np to (and inclnding) five-points receive zero-mode contribntions 
from only two terms® in the 6-ghost (2.5) 

d\2 ^ I r ^ . 


rfM(6.c)t=(y)'74 


(27r)2 1922 


d^O|S(2)+n)„,Sm + 




(4.4) 


Terms containing a single A/’™'” zero-mode vanish upon integration over [dw] [dw] 
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where the ellipsis represents terms relevant at (n > 6) points and 


^ 7^(A7’""’'r)(d'7™pd'), ^ (4)7^(V’V‘) . (4.5) 


(AA) 


«V(AA) 


Since the vertex operators are independent of and s“, the integration over the 

zero-modes [dw^][dw^][ds^] is readily performed nsing (2.27) and yields 




[ds ][dw ][dw''] e 


'\4 1 


2/ (27r)i622Z22 I (11! 5!) 


(e-T-rfi) 


Dehning 


11(13) = / [dd^] 




5(2). DTii) ^ Idd'] 




(11! 5!) <“> 

as a special case of (2.26), the amplitnde (4.1) becomes 

d^n 


(1115!) 


-Dm 

^( 1 ). 


Q ('\6 


= 

’ 2 ) (27r) 18215 32 J Zf 

The snbscript [d] of the kinematic factor 


|((/C«(z2,...,^n)))(3,l)l^(n""""' 

L j = l 


(4,6) 


(4,7) 


(4.8) 


K{j,b2.... ,^„) = (5(13) + nrB(;2, + ■. ■)ViU2U^) ■ ■ ■ f/„(3„) 


(4.9) 


emphasizes the remaining integration over the d^ zero-modes. The ellipsis along with 
refers to 6-ghost contribntions which do not affect (n < 5)-point amplitndes. 

4 . 1 . 1 . Scalar and vector building blocks at genus one 

The integration over the zero-mode rfi in (4.9) can be done nsing (2.27) and gives 


2D(i3)V:4(d'VbB)(d'lTc)(d'lTzi) =96crfT^|B,c,r?(A,A), 

Il(^2)yA(d'lTB)(d'lTc)(d'lTzi)(d^lTE) = 96c<,(^).S2)B,c,Ai^(A, A), 


where 


Ta\b,c,d{^i A) 


^A\B,C,D,Ei^^ A) 


i^n^p-VAiX7^WB)iXrWc){X7^WD), 

(AA)2 

(A7""7’’A) 

^ ^ VA{X'y^WB)iX'y^Wc){WD'yrstWE) 


with mnltiparticle labels A, B,... (see section 2.7). 


(4,10) 


(4,11) 
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At this stage the Theorem 1 from [9] can be used to factorize (AA) from the expressions 
in (4.11). For a general kinematic factor one then dehnes (A, A) = (AA)PiFyi|s^ for 

some power p as the result of this procedure. Doing this for (4.11) leads to 

(rA|B,C,D(A, A))( 3 ^ 1 ) = {Ta\B,C,d) {2,1), (4-12) 

where symmetry of T 415 <7 d and ^ ^ in (S, C, D) and (S, C, D, E), respectively, is 

inherited from (4.10). Note that any appearance of ^ ^ ^ in (n > 5)-point one-loop 
amplitudes occurs in the combination® 


T im _ Amrp I Amrp , Amrp I Amrp I A r\ Qm 

A\B,C,D,E = ^B-‘-A\C,D,E + Ac-‘-A\B,D,E + Ad-‘-A\B,C,E + ^E-‘-A\B,C,D + ^^^A\B,C,D,E ’ 

(4.13) 

where the factor of 10 is due to the conversion from (.. ■)( 3 ,i) = 10(.. •)( 2 ,i) in (4-12). 


4 . 2 . The four-point amplitude 


According to the formula (4.8), the four-point amplitude is given by 



lyJ (27r)i82i5 32 



J=1 


(4.14) 


It is easy to see that D(i 3 ) is the only non-vanishing contribution from the 6 -ghost since 
the external vertices cannot provide four da zero-modes to saturate the integral [ 2 ]. 

The integration over [dd^] is readily performed via (4.10) followed by (4.12), 

((/C[^/(^2,^3,^4)))(3,l) = (iAi|2,3,4)(2,l) ■ (4-15) 


Note that the right-hand side is independent on the vertex insertion points Z 2 , zs and ^4 
because only the zero-modes entered the computation. A straightforward application of 
(2.40) then implies 



(27r)^V®(ifc) 

(27r)^V®(ifc) 



214 527^2 1(^112,3,4)1 

^^( 1 ) [ 
2 % 2'^4 J 


d^n 

(ImD)® 


x: 


( 1 ) 



(4.16) 


® Writing the term A™r 2|3 4 5 is an abuse of notation since when computing its component 
expansion the variables ra in the definition of X 2 | 3 , 4 , 5 (A, A) become covariant derivatives Da (see 
[ 22 ]) and must also act upon the superfield AX¬ 


IS 



where in the second line we nsed [47] (note = —8) 


m|2,3,4) = 40(1 /iT2,3,4), 4'^ ^ |(ViT2,3,4)| 


(4.17) 


Note that the tree-level (3.13) and one-loop (4.17) kinematic factors are related by [34] 


= 4°’. 


(4,18) 


a well-known resnlt hrst obtained by Green and Schwarz [40]. 


4-2.1. The a'-expansion of the four-point amplitude 


The ct'-expansion of the fonr-point amplitnde^ has been extensively stndied in a series of 
papers [41], where the snbleading term in 


f d^n f (1) 
J (ImO)5 L 4 


— (l + yor3 + ---) 


(4.19) 


signals the absence of D'^R'^ interactions at one-loop in ten dimensions. Therefore, plngging 
the above resnlt in the fonr-point amplitnde (4.16) leads to 



(2^)“<S“’(fc)(y)'^K7-t-0(V'’). 


(4.20) 


4-3. The five-point amplitude 


Using the general resnlt (4.8) the hve-point amplitnde (4.1) becomes 


= 


K /a' 

(27r)i32i5 32 ly 


'\6 f dfQ 




i=i 




(4.21) 


where 

K[li’fe...,.^ 5 ) = (fl(i 3 ) + n;.,i);'; 2 ,)rif/ 2 ( 22 )--V 5 (^ 5 ) ■ (4.22) 

^ In addition to the analytic momentum dependence shown in (4.19), threshold singularities 
arise from the integration region where ImU —>■ 00 . A careful treatment of these non-analytic 
terms can be found in [41]. 
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The [dd^] integration with the operators of (4.7) picks np the terms with fonr and three 
dct zero-modes from the vertices, respectively. Using the mnltiparticle snperhelds of [25,48] 
one arrives at 

U 1 U 2 U 3 U 4 U 5 = (yj Viid^W2)id^W3)id^W4)id^W5) (4.23) 

/Q/^\4 

V 1 U 2 U 3 U 4 U 5 = [-) Ui 2 (d'lU 3 )(d'lU 4 )(d'lU 5 )r 7 i 2 + (2|2,3,4,5) 

+ (y) ri(d'ir23)((i‘ir4)(<i‘ir5)l)23 + (2,3|2,3,4,5) 

+ (y)"ni,n.4;*(<i‘iy3)(<i‘ir4)(d'ir5) + (2|2,3,4,5), 

where the notation (Ai, A 2 ,..., Ap | Ai, A 2 ,..., An) instrncts to snm over all possible ways 
to choose p elements Ai, A 2 ,..., Ap from the set {Ai,..., An}, for a total of (p) terms. 
We have uji{z)dz — dz for the genns-one snrface, and rjij = — 0{zij) dehned by (2.8) 

‘^3 

acconnts for the singnlarity from the OPEs among vertex operators. According to (2.42) 
and (2.43), they introdnce mnltiparticle snperhelds W 23 and V 12 dehned in (2.44) and 
(2.45), respectively. 

The integration over the zero-modes of da uses the formnlas (4.10) and (4.12) to yield 
( 2 : 2 ,..., 2 : 5 ))) ( 3 , 1 ) =96Cd(y) (/C(^H^2,---,^5))(2,1), (4-24) 

where 

( 22 ,..., 25 ) = [hi27"i2|3,4,5 + (2|2, 3,4, 5)] (4.25) 

+ (y) [^23 T'i|23,4,5 + (2, 3|2, 3, 4, 5)] -F ^ln'^^ 2 , 3 , 4,5 ’ 

see (4.13) for the dehnition of 345 - Upon discarding 11]^ 0 and adjoining the Koba- 

Nielsen factor, this is precisely the open-string correlation fnnction for the hve-point pnre 
spinor one-loop amplitnde [46,26] (for the RNS derivation, see [42,44]). 

Therefore, the closed-string amplitnde (4.21) becomes 


/a'\4 r d?n 

2 VVyj / 


{K<‘>fe....,^5)>(2,i)r(n 


= (27r)^V0(lfc) 


21452712 V 2 


(ImO)' 


|(/CW(z2,...,^5))|'xf\ (4.26) 


where we nsed = (2ImO)^ and the identity (2.40) on the second line. Integration 

by parts identities [4,6] allow to express (4.26) in terms of 37 basis integrals with BRST- 
invariant kinematic nnmerators. The a'-expansion of these integrals was analyzed in [4,6] 
and conhrms the absence of interactions at one-loop in ten dimensions. 
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4.3.1. The leading-order contribution 

The low-energy behavior of the E 4 integral over ..., in (4.26) is gov¬ 

erned by two kinds of contribntions [4,6]: 

(i) zero-mode contractions —)■ following ( 2 . 11 ) at (7 = 1 

(ii) kinematic poles® from the residne of the pole ? 7 i 2 l 7 i 2 ~ ki 2 |~^ 

»?i257i2h” = -( 4 )— + 0(a'“) . (4.27) 

VaV S12 


Non-diagonal prodncts of Green fnnctions snch as ? 7 i 2 hi 3 V 12 V 34 do not contribnte to 

the leading order in a'. Hence, we have 


= -(y)i^4‘' / +o(a'^). 


(4.28) 


where the kinematic factor is dehned by (note [/Cs^^] = — 8 ) 


4‘> = 


l(^12|3,4,5)h 

S 12 


+ (2|2,3,4,5) 


+ 


l(^l|23,4,5)h 


■523 


+ (2,3|2,3,4,5) +|(T{f 2 , 3 , 4 , 5 )n (4-29) 


and the integration over E 4 gives = 2^ ImO^. This leads to the following resnlt for the 
one-loop hve-point amplitnde (recall that / d^i = 27r/3) 





a'G 

~ 2 ) 29523 


+ 0(a'^) , 


(4.30) 


In the appendix A the overall coefficient in (4.30) will be validated by factorization. 


4 . 3 . 2 . Components in type IIB and type IIA 


The type IIB components of the kinematic factor (4.29) are related to the hrst a'-correction 
of the hve-point tree-level amplitnde (3.18) and (3.19) [23]: 


/C 


( 1 ) 


= 2 ® 5^ 


IIB 


a 


'n-3 


JC 


(0) 


X 


Ca 


1 : hve gravitons 
■4 ; fonr gravitons, one dilaton 


(4.31) 


Strictly speaking, the identity (4.27) is valid under integration over one of zi,Z 2 and results 


from the behavior of the Koba-Nielsen factor ^ 


b;i 2 


as z\ ^ Z 2 '. 


J Z2r]i2r]i2'31n^ = 4vr 


a:i2|d|2:i2| , ^12 ^121 “"*^^-^ 0 ( 0 '°) 
G 12 


dvr 

aGi2 


+ G(a'°) 


This only depends on the local properties of the worldsheet and therefore holds at any genus. 
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The relative factor between the tree-level and one-loop amplitndes at order ol'^ tnrns 
ont to depend on the charges of the external states nnder the R-symmetry of type IIB 
snpergravity, as has already been observed in [6]. Components with the same R-symmetry 
violation as fonr gravitons and one dilaton give rise to an additional relative factor of — 
This will be explained in section 6.3 from an S-dnality point of view. Since R-symmetry 
violating fonr-point amplitndes vanish [10], the hve-point amplitndes in this work provide 
the simplest context to stndy the S-dnality properties of interactions with R-charge. Also, 
hve-point amplitndes that violate R-charge by more nnits than cansed by a single dilaton 
insertion vanish at any loop-order. 

Type IIA components of the hve-point low-energy limit (4.30) cannot be expressed in 
terms of bilinears. Instead, we have 


/C 


( 1 ) 


5 gravitons 

= 2^52| 

^^\-3 



IIA 

*^2 / 

- 

Cs 


(4.32) 


where the notation ^ ^mnp2?2---P5g5gi nsed 

and the free vector index m is contracted between the left- and right-moving factors in 
the holomorphic sqnare. The parity-violating type IIA component with a R-held and fonr 
gravitons has been evalnated in [6]. 

Upon insertion into (4.30), the kinematic factors (4.31) and (4.32) give rise to the 
following low-energy limits for the hve-graviton amplitndes: 


/4 


M, 


( 1)10 
5 I IIB gravitons 

/4 


= (27r)^V°(lb)(^' 


2/243 ^ 


Ca 


(4.33) 


M, 




lOrlO, 




'243 I 


/C 


(0) 


- e 




Ca 


According to (4.31), the R-symmetry violating type IIB components (e.g. fonr gravitons 
and one dilaton) carry an extra factor of — 4. 


5. Two-loop closed-string amplitudes 

In this section we compnte the low-energy limit of the two-loop hve-point amplitnde in- 
clnding its overall coefficient from hrst principles. This inclndes a recompntation of the 
fonr-point amplitnde nsing the conventions of section 2. For previons two-loop fonr-point 
resnlts see [49,50,51,7,8]. 
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5.1. The amplitude prescription 

The n-point two-loop amplitude prescription (4.1) is given by 






(5,1) 


where the zero-mode regulator is dehned in (2.36), and the 6 -ghost insertion was 

specihed in (4.2). At genus two, there are (16,16)^ zero-modes of da and (11, ll)s zero- 
modes of The latter are entirely saturated by the regulator through the factor —)■ 
(s^(i^)^^(s^(i^)^^, see the discussion below (4.3). 

In presence of hve vertex operators, it is easy to see that the total number of da 
zero-modes from the 6 -ghosts can be distributed as (p, q) such that p + q is either 5 or 6 . 
These two contributions can be separately computed using the zero-mode expansion 


(^d'y^nripd') y {d '^rnnpd ')^l{^Z^UJ\{^Z^ -|- ‘2{d 'yrnnpd )^^1 (-2)^2 (-2) T (d '^mnpd ')^2(,z')0J2(,z') 


and the general formulas (2.31) as follows 



( 6 , ^j) 


OL 


'\6 


(27r)6l926 


d^a [b,3,3) + (ni.B('S.3, + n^Bjs 3,) + • • ■ 

(5,2) 


The shorthands for different 6 -ghost contributions are dehned by^ 

^( 3 , 3 ) = -^^[2(Xrd^d^)(Xrd^d^)(Xrd^d^)] 
fAAj 

5(^3^ = ( —j—[ 2 (A 7 ™(i^)(Ar(i^(i^)(Ard^d^) — {X'y'^d‘^){Xrd^d^){Xrd‘^d‘^)] 
’ \cx / (AA) 

/9\Qfi_ _ _ _ _ _ 

S^ 2 ) = { — )^^[2{X'y^d^){Xrd^d^){Xrd^d^) - {X'y^d^){Xrd^d^){Xrd^d^)] 
’ \cx / (AA) 


(5,3) 


with the convention that {Xrd^d'^) = {X'y'^'^Pr){d^'yrnnpd'^). Note that 5 ( 3 , 3 ) ^ “ 5 ( 3 ^ 3 ) 
and 5 (^ 3 ^ -H- — 5 (^ 2 ) under the interchange of zero-mode labels d} -H- d?. As indicated 


® The (5,5)d zero-modes from the 6 -ghosts and the vertices can in principle be saturated 
by a 6 -ghost contribution 5™ 4 ^ ~ {d?d^){d}d^)(JY^d?). However, the integration over the 6 -ghost 


insertions via (2.31) yields a Tj integrand 


'^*1*2*3 <5Ti2 


(n 


_)_ jjm \ .^ypQgg summands 

dT^o / 


'^^22 <?ni 2 , . . , _^ _ 

do not depend on all entries of the period matrix and which vanish upon contraction with the 
antisymmetric eiii 2 i 3 - The same mechanism suppresses and n^B^ 2 ) horn (5.2). 
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by the ellipsis in (5.2), two-loop amplitudes involving n > 6 closed-string states allow for 
additional 6 -ghost contributions with fewer zero-modes of da- 

Since the vertex operators are independent of wj and Sj, the integration over 
their zero-modes can be performed at an early stage using (2.27), 

/* 2 n / o -I 2 


[dw^] [dw^] [ds^] e 




1=1 




= — 


1 


2 7 (27r)3224Z|2 IIJL (11! 5!) 


n 


(e-T-d^) 


(5.4) 


The tensor structure (e ■ T ■ d^) is captured by the operators £>( 14 , 14 ) and £>(^4,13) dehned 
in (2.26). They allow to rewrite the amplitude (5.1) as 




m( 2 ) = (^—) 

2 7 (27r)3825l926 


d^n 

W 


J=1 


(5.5) 


where 


Kgbi....,= (0(14,14) + + UlDflaz) + ■ ■ ■ )0'(iii).... (5,6) 

The ellipsis along with accounts for 6 -ghost zero-mode contributions which 

drop out from the subsequent four- and hve-point computations. 


5.1.1. Scalar and vector building blocks at genus two 

We shall now evaluate (5.6) on the part of the vertex operators which contribute zero-modes 
d^, dS. One can show that 

D,uM)(dHVA){dHVB)(trWc){dHVD) = 962c3r3i,B|c.D(A, A) (5.7) 

o;':3,i4)(<*‘'r4i)(d'irB)(d'irc)(rf"irD)(d"irB) = (4)96 "c3sx,b.cid,e(a.a) 

o(;4,i3)(<i"'r3i)(d"irs)(rf"irc)(d'irD)(rf'irB)= (4)96 ^c)sj_b.cid,e(a.a) 

with multiparticle labels A, B,... and scalar building block 

£4,b|c,d(A, A) = -^(A7^inipir)(A7de/r)(A7^2n2P2^)(A7"''''^'^""'A) (5.8) 

(,AAJ 

X (A7"Wa)(A7^Wb)(A7"^Wc)(A7PW4i) . 

The two zero-mode patterns (A 7 "^(i^)(Ar(i^(i^)(Ar(i^(i^) and {X'y'^d‘^){Xrd^d^){Xrd‘^d‘^) in 
the 6 -ghost contribution 2 ) given by (5.3) lead to distinct tensor structures S^2^j^c\d e 
and ^ such that 

cm — c(l)o^ I c(2)7n qn, 

‘^A,B,C\D,E — ‘^A,B,C\D,E ‘^A,B,C\D,E 


24 



with 


X (W'^ 7 <.,<. 2 «W'b)(A 7 ““W'c)(A 7 "’W'd)(A 7 ’’”W'e). ( 5 , 10 ) 

S7,s"c|d,e(A.A) = ^(A7"y‘A)(A7„.„„,r)(A7i,t.i,r) 

X . ( 5 . 11 ) 


Note that the integrals of and give rise to the same kinematic strnctnre 

^'a B c\D E becanse ^3^ nnder the interchange of zero-modes d\ -H- 


5 . 1 . 2 . Kinematic symmetry properties at genus two 

The above dehnitions in ( 5 . 7 ) manifest the symmetry properties 


TA,B\C,Di^i x\) — T(^A,B)\{C,D)i^i x\) , ^A^B,C\D,e(^^ '^) ~ ^{A,B,C)\iD,E)(^^ A)(5.12) 


Ta _ cO)"A 


with j = 1 , 2 . As demonstrated in the appendix C, gamma-matrix manipnlations and the 
pnre spinor constraint imply that the kinematic factor ( 5 . 8 ) can be rewritten as 


^a,b|c,d(A, A) 


192 


(AA)4 

and satishes the Jacobi identity, 


^ (Ayamnr) (ry.p.r) {\^^Wa){\i^Wb){\YWc) {Xi^Wd) (5.13) 


Ta,b\c,d{X, A) -k T 4 ,d|b,c(A, A) -k Ta^c\d,b{X, A) — 0 . ( 5 . 14 ) 

The symmetry ( 5 . 14 ) assembles the holomorphic one-forms in the antisymmetric combi¬ 
nations /Xij = e^'^uji{zi)uj{zj), 

0(14,14) {dWA){zA) idWB) (zb) {dWc){zc) {dWD){zD) 

= 96 ^C^ (TA,B\C,DiX, A) [ui {za)uJi {zb)uJ2 {zc)uj2{zd) + UJ2 {za)uj2{zb)uji {zc)uji (zd)] 

+ ^ 71 ,C|B,d(A, A) \uJi{zA)i^l{zc)^ 2 {zB)^ 2 {zD) + ^ 2 {za)^ 2 {zc)^i{zb)^i{zd)\ 

+ Ta,D\B,c{X^ A) [uJi{za)uJi{zd)uJ2{zb)uJ2{zc) + UJ2{za)uJ2{zd)uJi{zb)uJi{zc)]^ 

= - 96 ‘^c^[TA^B\c,DiX, X)Ada 1 X.bc +TD,A\B,ciX, X)Aab 1 X.cd] ■ ( 5 . 15 ) 

As will become clear later, the appearance of Aij in ( 5 . 15 ) is a crncial reqnirement for 
modnlar invariance of the amplitnde. 
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Furthermore, it is shown in appendix C that S 


Sab[c\d,e to yield 


(l)m 

A,B,C\D,E 


can be eliminated in favor of 


Together with the ten-term identity 


10 


5 


’fi^c\D,Ei^^ C^D,E) = 0, 


(5.16) 


(5.17) 


one can show that (5.16) implies a vector generalization of the scalar Jacobi identity (5.14) 

^A,B,C\D,Ei^^ = ^C,D,E\A,b(^^ + ^^,D,E\A,c(^^ + ^A,D,E\B,c(^^ • (5-18) 

This is instrumental to identify A^j in the following permutation sum: 


(n;„Il[^3^i4)+nlIl[^4^i3))(dlT^)(^^)(dVFB)(^B)(dVFc)(^c)(dVFD)(^D)(dVF,,)(zi,) 
2 


+ Ii^^U2{zA)i^2{zB)uJ2{zc)uJi{zD)uJi{zE)\ + (H, E\A, B, C, D, E) 


— 96^C^( — )S'X,B,C\D,E 


a' 


(A, A) ^ /^ea^i{zb)^cd'AI^ + cyc(A, B, C, D, E) . (5.19) 


1=1 


Applying the Theorem 1 of [9] to the expressions (5.8) and (5.9) 

1 „ 1 


Ta,b\c,d{\ A) = -^-^^Ta,b\c,D: S'2,b,c\d,e{\ A) = -^-^S 

leads to 




(5.20) 


{Ta,B\C,d{\ A))(3_2) - {Ta,B\C,d){0,2): (‘5'a,B,C|D,£:(A, A))(3,2) - ,C\D ,e) {0,2) , 

(5.21) 

where the factor 8 comes from (.. .)(i, 2 ) = 8(.. •)(o, 2 )- As we will see, the vector building 
block contributing to two-loop amplitudes with hve or more particles is 


rpm 

-^A,B,C\D,E 


= ^'aTb,C\D,E + ^1bTa,C\D,E + ^7jTa,B\D,E + ^S'^,B,C\D,E 5 (5.22) 

where the factor of 8 is due to the use of (5.21). By (5.14) and (5.18), it obeys the same 
symmetry properties as ^ ^^ 1 ^ ^(A, A), 

rpm _ rpm rpm _ rpm _ rpm _ rpm 

-^A,B,C\D,E — -^(A,B,C)\{D,E) ’ -^B,D,E\A,C ~ -^A,B,C\D,E -^A,D,E\B,C -^C,D,E\A,B * 

(5.23) 

Hence, the manipulations shown in (5.19) carry over to ^ ^^ 1 ^ ^(A, A) —)■ T'^^ 


The identity (5.17) was checked to hold for its bosonic (gluon) components [23], and it is 
believed to hold at the superfield level using similar manipulations seen in the appendix C. 
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5.2. The four-point amplitude 

According to the general formnla (5.5) the fonr-point amplitnde at two loops is given by 




a 


14 




(27r)3825l926 




|(-D(l4,14)h^lh^2b^3t4)(3,2)h 


4 

i=i 


-x^ 


(5.24) 


since the fonr vertices cannot provide enongh zero-modes to satnrate the terms with 
-^(13 14 ) -^(14 13 ) (^- 6 ) [2]- Using the formnla (5.7), the Jacobi identity (5.14) and 

the dehnitions (5.21) it is straightforward to verify that (see (5.15)) 

(-D(l4,14)UlU2U3t/4)(3^2) = [(7l^2|3,4) (0,2) A 41 A 23 + (Ui^4|2,3)(0,2) A 12 A 34 ] . 

(5.25) 

Together with (2.40) and (5.21), this implies that 



(27r)^VO(fc) 


a'\5 

YJ 245 36 5%^ 


d^n 

(det ImO)5 



...,Z4))|^X1- 


( 2 ) 


(5.26) 


where 

{IC^‘^\zi, . . . , Z4)) = (Ti^2|3,4)A4iA23 -I- (Ti^4|2,3)Ai2A34 . (5.27) 

In absence of singnlarities \zij\~'^, nsing Riemann’s bilinear identity (2.29) in the form of 


/ A 12 A 34 A 12 A 34 — 2^(detImO)^ , / A 12 A 34 A 41 A 23 — 2^(detImO)^ , (5.28) 

'e4 Jt.4 


leads to the following low-energy limit 

[ |(/C(2)(zi,...,Z4))|2xU) =2^(detImO)2/ci2) +0(a'2)^ 


(5.29) 


'S 4 

-( 2)1 


where (note [IC\ ] — —12) 

K!i'^ = |(Xi, 2|3,4)|^ + |(Xi,4|2,3)|^ + I (Xi,3|4,2) ■ 


(5.30) 


Finally, nsing the volnme of the genns-two modnli space / d/U 2 = 2 ^ 7 r^/( 3 ^ 5), one arrives 
at the following low-energy limit 


= 


(2^)i05i0(j,)(“) 
= (2x)“5“>(fc)(^)' 


238 39 53^3 '^4 


+ 0(a 


/65 


2^0 33 5 TfS 


(s 


12 + '^13 + ^14:) ^4^^ + ^(<^^ ) 


,,/A 


(5.31) 
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In the second line we nsed the BRST cohomology manipnlation [8,34]^^ 

m,2|3,4) = 2^^335 Si2(ViT2,3,4) (5.32) 

together with the dehnition (4.17) of the one-loop kinematic factor (which in tnrn 
agrees with the tree-level kinematic factor (3.13)). 

An alternative presentation of the fonr-point two-loop amplitnde follows by plngging 
the resnlt (5.32) in (5.26) and nsing the dehnition [7] 

y(zi ,..., Z4) = S12A41A23 -i- S14A12A34 (5.33) 


to obtain 




d'^Si 


2i77r6'^'4 y (detlmn)5 
( 2 ) 

In the low-energy limit where X 4 ^ 1, nsing [7] 


iy(zi,...,Z4)l^li^K (5.34) 


/ \y{zi,... ,Z 4 )\^ = 2^(si 2 + Si3-F Si4)(detlmn)^ 

Jt,4, 

and / diJ ,2 = 2^7r^/(3^5) leads to the same answer (5.31). 

5. 3. The five-point amplitude 

The hve-point amplitnde following from the general formnla (5.5) is given by 

5 


Mf = 


q ,' n 14 


2 ) (27r)38 25 1926 


r 

' 7 ^ / 

^2 dEs 


K(^[d/(^1’ • • • ’ ^5)))(3,2) 


J=1 




(5.35) 


(5.36) 


where 


.... 25 )= (0(14,14)+ni.D^3,14)+n;.D^,13))t7l(zi)(72(22)... 175 (^ 5 ) . (5.37) 

For the hrst term in (5.37), the external vertices mnst contribnte fonr da{z) variables to 
satnrate the remaining (2, 2)^ zero-modes reqnired by the X>(i 4 p 4 ) integration. This admits 
one OPE (2.43) resnlting in a two-particle snperheld from (2.44) accompanied by the 
singnlar fnnction ~ z~j^ dehned in (2.8). 

The normalization of Ti^ 2 | 3,4 here is two times bigger than in [8], see definition (5.8). 
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However, the OPE (2.43) only determines the residne of the simple pole and 
allows for two ineqnivalent fnnctions of the worldsheet positions; either diGijUJi{zj) or 
—djGijUi{zi). Their difference is regnlar in Zij and drops ont from the low-energy behavior 
of the amplitnde dne to the factor of d‘^{zi — zj) in (4.27). Since the ambignity does not 
affect the snbseqnent low-energy analysis, we will nse the notation {dWij)r]ij to leave the 
snbtlety in the exact dependence on Zi, Zj nndetermined. 

Another possible obstrnction to extend the cnrrent analysis beyond the low-energy 
limit might stem from OPE singnlarities between the 6 -ghost and the vertex operators (see 
for instance [52,53]). By argnments similar to [9], these might affect the two-loop hve-point 
amplitnde at order D'^R^. 

Similarly, for the last two terms in (5.37), the vertices mnst provide hve variables 
to satnrate either (2,3)^ or (3, 2)^ zero-modes. Together with the contribntions from the 
previons paragraph, we arrive at 

y) [idWi2)idW3)idW4)idW5) m 2 + (1,2|1, 2,3,4,5)] (5.38) 

/ 4 2 

+ (t) E nr‘^,( 2 i). 4 i.(<iiy")(<iiyS)(div-i)(div 5 ) + (1 „ 2,3, 4 ,5), 

1=1 

UiU2UsU^U,\^, = (^^)\dWi){dW2){dW3)idW^){dW,) . 

Using the formnlas in (5.7) a long bnt straightforward calcnlation leads to 

{(Cg>fe,...,25)»(3,2) = (^)Vc3(KM(2i,...,35))(0,2). (5.39) 

where 

2 

/C(2)(^i,...,^ 5) ^ [T-,3|4,5E^5i‘^^(^2)A34n^ + cyc(12345)] (5.40) 

7=1 

+ (y) ^12(2^12,314,5^24^35 -I- T 42 ,413,5^23^45) -I- (1, 2|1, 2, 3, 4, 5) , 

and 3|4 5 dehned in (5.22). As detailed in (5.19), the symmetry property (5.23) of 
^1^2 3|4 5 crncial to obtain the hrst line of (5.40) in terms of two factors of Aij. After 
discarding H^ —)■ 0, (5.40) is the low-energy regime of the open-string worldsheet integrand 
for the hve-point two-loop amplitnde. 
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Collecting the above results, the low-energy regime of the two-loop amplitude reads 


j^{2) ^ 


d?Vt 


2 J 2^'^ 3'^ J (detlmbl)^ 


i=i 


-x^ 


v'nS ^^5g2A 


d^n 


+ 0{a 


>7\ 


245 36 52 ^6 y (detlmO)^ 
where in the second line we used (2.40). 


|(/C(2)(^i,...,^5))|"xf+0(a'7) , 

(6.41) 


5.3.1. The low-energy limit 

The low-energy limit of the genus-two integral in (5.41) can be extracted along the same 
lines as done at genus one. First of all, (2.11) allows to perform contractions among left- 
and right-moving zero-modes of 11 "^ which can be integrated over E 5 using 


„ 2 2 

/ ^12 ^ n^a;j(z3) A45 X Ai 2 ^ n^a;j(z3) A45 = — 2 ^ 


= -2^71 -— ?7Tnn(detImO)" 


j=i 

2 


[ ^12 

r ^ 

/ ^12 n^a;j(^3) A45 

J^5 /=! 


X 


X 


j=i 

2 

^34 '^2 nn^j(^5)^12 = 
J=1 
2 

^23 ^ n^i^j(^4)A5i = 
J=1 


2’^7r (y)?7^n(detlm0)^ (5.42) 
-2^77 (^yj?7Tnn(detImO)^ 


and cyclic permutations. Then, the subset of the terms ~ VijVpq (5-41) with “diagonal” 
labels i = p and j = q contributes according to (4.27), resulting in ten permutations of 


/ 1(^12,314,5)^24^35 -|- (Ti2,4|3,5) A23 A45 | — 2 ^(detImO)^ [I (^ 12 , 3 | 4 , 5 ) P + Cyc(3, 4, 5)] , 

Jt.4. 

where the integrals are identical to the four-point case (5.29). Permutations of 17121713 or 
? 7 i 2?734 from the holomorphic square in (5.40) do not contribute to the low-energy limit 

(5.41) . 

By assembling the two sectors with and without contractions between left- and right- 
movers, one can show that the leading-order terms of the hve-point two-loop amplitude 

(5.41) are given by 


I KK<2>(zi..... 25))|"lf> = 2«x(y)(detlmfi)"4"> + C>(a'"). 

J S5 


(5.43) 
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(o') 

with kinematic factor (note [/C 5 ] = — 12 ) 


Kf = 


_ (^12,314,5) 1 1(^12,413,5)1 1(^12,513,4) 


+ (r3"*4,5|i,2) +(1,211,2,3,4,6). (5.44) 


■512 -S12 -S12 

Hence, nsing J dfi 2 = 2 ^ 7 r^/( 3 ^ 5 ) implies the following low-energy limit of (5.41), 


Mf> = (27r)“6“(fc)(y) 


icf'> +0{a") . 


,/76 


2^7 39 53 ^2 


(5.45) 


5.3.2. Components in type IIB and type IIA 

A long and tedions calcnlation [23] identihes the type IIB components of the two-loop 
kinematic factor (5.44) with the a'-correction ~ of the hve-point tree-level amplitnde 
(3.18) and (3.19): 


r( 2 )| _ _928 06 .2 V( 0 ) v/ ^ : five gravitons 

^ I IIB V 2 / ^ Cs I ~ I • gravitons, one dilaton 


(5.46) 


Similar to the kinematic factor (4.31) in the one-loop low-energy limit, the relative coeffi¬ 
cient to the tree-amplitnde depends on the total R-symmetry charge of the external states, 
in lines with S-dnality. The components considered in (5.46) extend to a variety of farther 
state combinations of alike R-symmetry charges by linearized snpersymmetry. 

Similar to the analogons one-loop resnlt (4.32), type IIA components involve additional 
tensor strnctnres as compared to the bilinears in the tree-amplitnde. 



5 gravitons 
IIA 


_228 3652 



Cs 


1 2 \ 

2 2-^ I 

l<i<3 


(5.47) 


-iirlnoT-o — mnp2q2...P5q5 1,2 „2 1,5 „5 

wnere e = 

Upon insertion into (5.45), the kinematic factors (5.46) and (5.47) give rise to the 
following low-energy limits for the hve-graviton amplitndes: 


M, 


(2)|T® 

5 I IIB gravitons 


o IIA gravitons 


(27r)iV°(ib) 

(27r)^VO(fc) 



29335712 

29335712 


/C 


(0) 


Cs 


JC 


(0) 


Cs 


(5.48) 


1 2 I 

2 I 

l<i<j 


According to (5.46), the R-symmetry violating type IIB components (e.g. fonr gravitons 
and one dilaton) carry an extra factor of — |. 
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6. S-duality properties 

In this section we are going to show that the type IIB hve-point amplitndes compnted with 
the non-minimal pnre spinor formalism agree with expectations based on S-dnality. 

6.1. Review of four-point S-duality 

In the string frame, the SL{2, Z)-dnahty prediction for the pertnrbative fonr-graviton type 
IIB effective action is given by [54,3,55] 

4b = / [RH2Cse-^^ + dCs) + D^R\2C,e-^^ + (6.1) 

+ D^R\4Cie-^^ + 8 C 2 C 3 + + ■■•], 

where the ellipsis refers to terms of higher order D-^R^. A dilaton dependence of the 
form is associated with the ^r-loop order in string pertnrbation theory. The tensor 

strnctnre of the covariant derivatives D and Riemann cnrvatnre tensors R snppressed in the 
shorthands D'^R'^ and D^R^ will not be important in the following. The coefficients of 
the R^ and D'^R'^ interactions can be identihed with the zero-modes of the non-holomorphic 
Eisenstein series 


E3/2($, $) = 2C3e-3-^/2 + 4C2e^/2 ^ . (g_2) 

E5/2($, $) = 2C5e-"'^/2 ^ 

depending on the complex axio-dilaton held $ = C'o-|-fe“'^. A relative factor of e^‘^d^ stems 
from the transformation between string frame and Einstein frame. The Fonrier modes in 
the ellipsis of (6.2) and (6.3) describe the non-pertnrbative completion of the type IIB 
action [54,3] and ensnre modnlar invariance w.r.t. $. The prefactor of the D^R'^ operator 
in (6.1) was hrstly predicted in [55] and descends from a modnlar-invariant f un ction which 
is made explicit in [56]. 

The fonr-point amplitndes reviewed in the previons sections exhibit the following low- 
energy behavior (in both type IIB and type IIA theory): 


Mi') 

Mf) 


(2-)“^“(fc)(y)’ 

(2^)“<S“(fc)(y)' 


n^e 2 -kK.P (-h + ■ ■ ■) 

as 6 




2^® 3^ 57r^ 


H-) 


(6.4) 
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The loop- and ct'-orders are in one-to-one correspondence with the cnrvatnre conplings 
g( 2 g- 2 )i)!>£^ 2 fc ^4 action (6.1). Matching the ratio of the interactions ~ ^3 and ~ <^2 

with the valnes compnted in (6.4) relates the conpling constants and e^, 


3C3 


g2A 

2637^ 




(6.5) 


Fnrthermore, one can verify nsing the conversion factor (6.5) that the ratio of all the 
interactions match between their predicted valnes in the action ( 6 . 1 ) and the explicit 
amplitnde compntations snmmarized in (6.4). The hrst pertnrbative verihcation of the 
expressions in (6.1) was achieved in [54,41] for genns one, in [49,7,57] for genns two and 
[9] for genns three. 


6.2. S-duality at five-points for graviton couplings 


We will now check if the above ratios predicted for the fonr-point amplitndes at different 
loop orders also hold for their corresponding hve-point amplitndes at one- and two-loops. 
The extension of the type IIB effective action (6.1) beyond the fonr-point level complements 
the fonr-cnrvatnre corrections by a tail of operators^^ £) 2 (A:- 0 ^ 4 -i-i higher 

powers of cnrvatnre I = 1 , 2 ,..., /c reqnired by non-linear snpersymmetry. 

The result for the two-loop hve-point amplitude conhrms that the hve-held comple¬ 
tion -|- D^R^) is accompanied uniformly by the zero-modes of i? 5/2 given in (6.3). 

Similarly, the compatibility of the interaction with hve-point amplitudes was ver- 

ihed through the one-loop analysis in [ 6 ]. These checks are based on the ct'-expansion of 
the hve-point IIB amplitudes at tree-level, one- and two-loop computed in the previous 
sections. 


M, 


= 


(i)r 


2 

5 




I IIB 


M, 


( 2 ) ^ 
IIB 


2/243 


/c 


(0) 


( 27 r)“( 5 “(fc)t 


( 6 . 6 ) 




X 


(0) 


1 

_ 1 
3 

X 


hve gravitons 

four gravitons, one dilaton 

1 : hve gravitons 

: four gravitons, one dilaton ’ 


In addition, novel couplings of the form without a four-held representative in their 

supersymmetric completion might arise, e.g. the interaction identihed at one-loop [6]. 
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where the tree-level factor is given by (3.19) [36]. Hence, the ratios of the corresponding 
hve-point interactions at one-loop are easily checked to agree with the pertnrbative terms 
in the Eisenstein series (6.2) and (6.3), 




M, 


(0) 


,2A 


IIB gravitons 2*^37r^<(^3 


2 e^ 

Cs 


2 4 

and similarly at two-loops (recall that C 2 = ^ and ^4 = fo)’ 




M, 


(0) 


o4A 


IIB gravitons 2^^ 3^ 57r^<(^5 


4e4‘^C4 

3C5 


(6.7) 


( 6 . 8 ) 


By modnlar invariance of the Eisenstein series, (6.7) and (6.8) conhrm S-dnality at the 
hve-point level. 


6.3. S-duality at five-points for dilaton couplings 

The ratios of tree-level and loop-amplitndes seen in (6.6) depend on the external type 
IIB states, i.e. trading one of the hve gravitons for a dilaton introdnces additional factors 
of — I and — I into the comparison of low-energy limits. These nnmbers have a natnral 
explanation from the Einstein frame presentation of the leading terms in (6.1), 

+ D^R^)E5/2i^,^ + ■ ■ ■ , (6.9) 

see (6.2) and (6.3) for their pertnrbative contribntions. 

Processes which violate the R-symmetry of type IIB snpergravity (snch as the scat¬ 
tering of fonr gravitons and one dilaton) are associated with operators which transform 
with modnlar weight nnder S-dnality [10]. Hence, by modnlar invariance of the type IIB 
action, they mnst accompanied by modnlar forms of opposite weights. The latter can be 
obtained from modnlar invariant fnnctions snch as Eg by acting with the modnlar covariant 
derivative 

V: . (6.10) 

The modnlar forms obtained from E ^/2 and E ^/2 are characterized by the following per¬ 
tnrbative terms (with Fonrier-modes in the ellipsis): 


PE3/2($,$) = ( 

^ 3' 

2/ 


f- 

)4C2e'^/2 + ... 

(6.11) 

Pi?5/2($,$)= ( 

^ 5' 

2/ 

)2C5e-«''^ + 

f- 

+ ■ ■ ■ . 

(6.12) 
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In comparison with (6.2) and (6.3), the ratio between tree-level and higher-genns contri- 
bntions is deformed by the covariant derivative in (6.10), namely by —and — | in cases 
of i? 3/2 and i? 5 / 2 , respectively. The modnlar forms in (6.11) and (6.12) mnltiply the R- 
symmetry violating connterparts of and D^R^) interactions which in tnrn 

describe the dilatonic amplitnde components in (6.6). Hence, the covariant derivative in 
(6.10) holds the key for the S-dnality origin of the relative factors between graviton and 
dilaton amplitndes in (6.6). It wonld be interesting to extend the analysis to higher or¬ 
ders in a' and to compare the ratios between amplitndes at tree-level and two-loops for 
higher derivative operators with and withont R-symmetry charges, as it was done in [6] at 
one-loop np to order (a')^. 


7. Conclusion 

As the main resnlt of this work, we have compnted the low-energy limit of the hve-point 
two-loop amplitnde among massless type II closed-string states. The snperspace represen¬ 
tation of the resnlt is given in (5.44) with prefactors made precise in (5.45). The type 
IIB components involving hve gravitons as well as fonr gravitons and one dilaton were 
fonnd to match the tree-level amplitnde at the corresponding order in o', see (5.46). The 
determined ratios tie in with the S-dnality expectation based on the i? 5/2 coefficient of 
the -\- D^R^) operator in the effective action [3] and its connterpart T>E^i 2 with 

modnlar weight, see (6.12). 

The compntation was performed nsing the non-minimal pnre spinor formalism [2] 
where the normalizations can be reliably kept track of and where the 6-ghost is explicitly 
known. However, snbtle issnes regarding possible OPE singnlarities between the 6-ghost 
and the vertex operators (see for instance [52]) cnrrently prevent the determination of 
the hve-point two-loop amplitnde to all orders in a'. These snbtleties did not affect the 
two-loop low-energy analysis of this work, bnt it wonld certainly be desirable to extend 
the hve-point correlator in (5.40) to all orders in the low-energy expansion. Starting from 
the Zhang-Kawaznmi invariant expected at the snbleading order in a' [57], the systematics 
of the low-energy expansion and the threshold corrections deserve to be stndied along the 
lines of the one-loop resnlts in [41]. The ct'-expansion of the corresponding open string 
amplitndes at two-loops calls for a higher-genns generalization of the elliptic mnltiple zeta 
valnes [58] which were stndied in the context of planar one-loop amplitndes in [59]. 
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Fig. 1 The factorization of the tree-level four-point amplitude in the massless pole si 2 
in terms of three-point amplitudes. This condition was used to fix the normalization 
constant in equation (A.7). 


Also, it would be rewarding to cast the kinematic factors into the language of the 
minimal pure spinor superspace of [1] and to bypass the computational steps required by 
the extra worldsheet variables of the non-minimal pure spinor formalism. In particular, 
this concerns the evaluation of covariant derivatives originating from and the tensor 
manipulations required to arrange the Aq, into contractions with A“. For the three-loop 
four-point kinematic factors of [9], a much simpler BRST-equivalent representation in 
terms of (minimal) pure spinor super space has recently been found [48]. 
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Appendix A. Worldsheet factorization of the amplitudes 

In this appendix we show that hve-point multiloop amplitudes computed in main body of 
this work factorize correctly on their massless poles as required by unitarity. We hrst £x 
the overall normalization k of the vertex operators by imposing unitarity for the four-point 
amplitude at tree-level. After that there is no freedom left to adjust parameters and we 
proceed to check the factorization of the higher-loop amplitudes. 
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A.l. Factorization of the four-point tree-level amplitude 

The factorization constraint for the massless pole S 12 in the fonr-point amplitnde reads 


,4 f ^ 


(A.l) 


where the notation projects to the pole in S 12 and discards regnlar terms in S 12 , the 
snm rnns over all states x in the snpergravity mnltiplet and —x represents the state x 
at moment um —kx and complex conjngate polarization. This is depicted in hg. 1. 

On the one hand, recall the low-energy limit (3.15) of the fonr-point amplitnde 


,10,10„,,..4,-2Ao-Kri2r3K,)P 




(A.2) 


On the other hand, a short compntation nsing the factorization constraint (A.l) yields 
,A0)1 _ ,4 f d^^k (l,2,a:)Mf (-^,3,4) 


= (27r)iV°(fc)^V4^(^) (A.3) 

V / / ZSl 2 


where the three-point amplitnde is given by 


M^^\l,2,x) = {2T:Y^5^^{k^ + k"^ + k^)(^ \{ViV2Vx)\^ . (A.4) 

\ 2 / 


and we used 


,i„,y«(e + i" + fc-)A«(-fc- + fc3 + ... + fc») 1 ,,,,, 


■ ■+*") (A.6) 


together with the explicit component snm [23] 


Y,{ViV^V^){V,ViVi) = (¥12^3^,) + 0 (si 2 ). 


(A.6) 


Therefore eqnating (A.2) and (A.3) leads to 


= 


(A.7) 


A.2. Factorization of the five-point tree-level amplitude 

The normalization of the hve-point tree amplitnde (3.18) will be checked throngh its fac¬ 
torization on the massless S 12 pole according to 


,4 f d^^k ^ M^^\l,2,x)Ml^\-x,3,4,5) 


(A.8) 
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where the three-point amplitude was recalled in (A.4) and 


iv4°^(-a:,3,4, 5) = (27r) 


(27r)^V^(-r + r + r + F) 
^,._| |(V;V3l45)P , |(V;V4V35)P 


4„-2A 


(A.9) 


+ 


S 45 


■535 


|(V;V5V34)| 

S 34 


2 -, 


+ Oia 


/3^ 


Using (A.7) and 


5 ^(UiU 2 l 4 )( 14 U 3 U 45 ) = (U 12 U 3 U 45 ) + Oisi 2 , S 45 ) 

X 

the factorization constraint (A. 8 ) gives 


(A.IO) 


M, 


(0) 


S 12 


= ( 27 r)‘V“(/t)A),t=e-“( 2 x): 


(A.ll) 


X 


|(Ul2U3U45)P ^ |(Ul2U35U4)P ^ 1^2^5^34)1 ^- 


IS 12 


■512545 512 S 35 S 12534 

This ties in with a component comparison of the terms with a pole in Si 2 , 


+ 0 (a' ). 


A54 ■ So ■ A45 = 


|(Ul2U3V45)P ^ |(Ul2U35U4)P ^ |(Ul2U5U34)P 


IS 12 


S 12 S 45 S 12 S 35 S 12 S 34 

which conhrms the normalization of the hve-point closed-string amplitude (3.18). 
A.3. Factorization of the five-point one-loop amplitude 

From the low-energy limit of the hve-point amplitude (4.30), it follows that 

= (2^)‘°.5‘°(fc)(y)'‘^^ 1(^1213.4.5)1" 


(A.12) 




23 3 


Sl2 


FO{a 


/5^ 


(A.13), 


where in the second line we used (Ti 2 | 3 , 4 , 5 ) = 40 [(Vi 2 T 3 ^ 4 ^ 5 ) — ^(^ 3213 , 4 , 5 )] (as shown in 
the appendix B) and discarded the contact term since it does not contribute to the S 12 
pole. 

One the other hand, given the three-point tree (A.4) and the low-energy limit of (4.16), 


M<‘> = (27r)“i“(fc),^(^PVir2,s,4)|" + 0(a'') , (A,14) 


K ra 


24 3 7r V 2 


'\3 




the factorization constraint 


M, 


( 1 ) 


Sl2 


_ ,4 f ^ Mlf\l,2,x)M^^\-x,3,4,5) 


(A.15) 
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Fig. 2 Factorization channel of the five-point two-loop amplitude into a tree-level three- 
point and a four-point two-loop amplitude. 


together with (A.5) yields 



Sl2 




'\^KJe 1 


2^37r Si 2 


5^|(ViV2l4)n(14T3,4,5)|' + (^(«'") • (A.16) 


One can show via a component expansion that the kinematic factors satisfies [23] 


5^(VlV2l4)(14T3,4,5) = (V^12T3,4,5) + 0 ( 812 ) • (A.17) 


By (A.7), one finally arrives at 


M: 


( 1 ) 


Sl2 




233 S12 

in complete agreement with the expression (A. 13). 




A. 4 . Factorization of the five-point two-loop amplitude 


(A. 18 ) 


In the low-energy limit of the five-point two-loop amplitnde (5.45), the terms with a pole 
in S 12 are given by 


M, 


( 2 ) 


(27r)^°fi^°(fc) 


512 


Y ) 23739 53 TT^ 


l(^12,3|4,5)P 1(^12,4|3,5)P I (^12,5|3,4) I' 


S 12 


S 12 


S 12 


The si 2 -channel factorization constraint in the low-energy limit 

(2)1 _./4 f ^ M^^\l,2,x)Mi^\-x,3,4Y) 


M, 


= a 


Sl2 


(27r 


iio 




U 2 


(A.19) 


(A.20) 
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for the factorization into a tree-level three-point amplitnde (3.5) and a two-loop fonr-point 
amplitnde (5.31) 


Mi"' = 


'n-1 




5 ^^4g2A 


238 39 5%^ 


|(ViV^2V^3)P (A.21) 

[1(^1,2|3, 4 ) 1 ^ + 1(^1,4|2, 3 ) 1 ^ + l(^l,3|4,2)n + 0{a'^) , 


yields 


M: 




Sl2 


2/ 239 39 537r3 
where we nsed (A.5) and [23] 


S 12 


S 12 


S12 


(A. 22 ) 


(T,,3|4, 5 ) = m2,3|4,5) + Oisi2) (A.23) 


Therefore the constraint (A.7) {a '‘^= ttc^^) implies the agreement of (A. 22 ) with (A.19) 
and establishes the correct factorization of the hve-point two-loop amplitnde. 


Appendix B. One-loop kinematic factors: NMPS versus MPS representation 

From equations (3.7) and (4.7) of [46] and using the dehnitions (2.46) it follows that 

Ti2|3,4,5 = (AA)Pi2[36T3,4,5 + 4(A7"^VF4)(A7"VF5)F3 J + S12 Ji 2|3,4,5 (B.l) 

^1|23,4,5 = (AA)Vi [36T237,5 -t- 4(A7'"1F23) (A7"'1F4)-P'mn] + ^23 (>^1312,4,5 “ 42|3,4,5) 
^12|3,4,5 = (A7"^W'4)(A7'^VF5)[AiV2(A7„.nVh3) +2(AA)P2(Ai7„.nVh3) - (1 2)] . 

Since (4.11) is totally symmetric in (345) it is possible to rewrite (B.l) more conveniently 
by averaging it over its permutations and using the Theorem 1 of [9] to factor out (AA), 

^12|3,4,5 — 40(AA) [Vi 223,4,5 ~ YY'®12Ai2|3,4,5] (B.2) 

^1|23,4,5 — 40(AA) [14723,4,5 — —'®23(Ai3|2,4,5 ~ ^ 1213 , 4 , 5 )] , 

where 

Ai2|3,4,5 = ^[^'(AV-VF^) _ v^(A^^^^W^)](X^r^W^)(X^nW^) + (3 ^ 4,5). (B.3) 

Note that the admixtures of (B.3) drop out from BRST invariant combinations of (B.2) 
such as (-t- ) that is why the amplitudes obtained from the minimal 

[26] and the non-minimal pure spinor formalism [46] agree. 
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Appendix C. Symmetries of two-loop kinematic factors 

This appendix collects the superspace manipulations responsible for some of the symmetry 
properties of the two-loop scalar and vectorial kinematic factors. 


C.l. The Jacohi-like identity of scalar kinematic factors 


The kinematic factor (5.8) 


Ta,b\c,d{^, A ) 


r) (A7de/r) (A7^2n2P2^) ( A) 

X [iXr^WA)iX7^^WB)iXr^Wc)iX7^^WD)] , 


is now demonstrated to satisfy the identity 


^a,b|c,d(A, A) TA^D\B,ciX, A) Ta^c\d,b{X, A) — 0. (C.l) 

To see this one uses the gamma matrix identity 

(A7de/r)(A7"^i‘^^^"^U) = 48(AA)(A7"^i7"^V) - 48(A7""i7"^2A)(Ar) (C.2) 

together with {X'yrn 2 n 2 P 2 'f') = and {X'y^^)a{X'yjn^)i 3 = 0 to obtain 

(A7™2n2P2^)(A7de/^)(A7"'^‘^®-^"'"A) = 48(AA)(A7^2n2P2^)(A7"'^7"""^) (C.3) 

= 48(AA)(A7"^^7"^iA)(r7""^"^PV), 


where the cyclic identity 7(((^7^) = 0 and the constraint (Ay^r) = 0 were used to arrive 
at the second line. Therefore, 

= 96(AA)"(A7“"''’V)(r7“"»V) . (C.4) 

After using (C.4), the identity (C.l) follows by noting that it is equivalent to 

(A7“"iPV)(r7“"^P^r) + + (A7“"^PV)(r7“P^"V) = 0 , (C.5) 

and (C.5) can be shown using 7 “(^ 7 “ 5 ) = 0. 
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C.2. Relating vector kinematic factors 

In order to prove the symmetry (5.16) of the vectorial kinematic factor in (5.10) and (5.11), 
the pnre spinor constraint can be invoked to decompose the gamma matrices in the factor 

contained in (5.10). The identity 

- (1Ta 7“^ A) (7“^ 7“i 7“ Wb ) 


then allows applications of the pnre spinor constraint in the form of {X'^r)a{X'y^)g = 0; 
nltimately leading to 


s7b7p.£(^' 


^^'^‘^c!d.e\a,b 


m 


(A, A) 


which implies (5.16). 
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